A theory already developed is applied to the case of two-dimensional motion parallel at each point of space to some member, £, of a one-parameter family of surfaces, the coordinate-system being a network of orthogonal curves drawn on £. The geodesic curvatures of the orthogonal curves and their relationship to the Gaussian curvature of £ are worked out. The equations of motion and of continuity axe expressed in terms of the geodesic curva tures. Meyer's aerodynamical equations are derived as particular cases when the network is fixed in space and the surfaces are all planes. A formula for a large-scale gradient wind is also obtained as an example of the use of a moving network drawn on a sphere.
I ntroduction
In a previous investigation (McVittie 1949) there has been developed a method for establishing tKe equations of classical hydrodynamics relative to a curvilinear system of co-ordinates {x1, x2, xz) in motion with respect to a fixe system {X1, X 2, X 3). The fundamental entity is the kinetic metric* ds2 = ^ 1 -j (dx*)2-^ {ypq dxp dx? + dxp doc*}, = g/lvdxtldxv, (M ) where the y"" are the coefficients in the quadratic form, K , which gives the kinetic energy of unit mass of fluid, and, for the sake of uniformity, the (absolute) New tonian time is denoted by x4, whilst c is the velocity of fight. I t was then shown that the Newtonian equations of motion and of continuity, respectively, were (no summation convention)
( 1-2) d(VA/>) . y-3(VA dx* + 3 i } d 9 3 g where ^4 = ^4 + 2 uPfap> uP (P ~ 1> 2 ,3) are the velocity-components of the fluid relative to the moving axes, Fq (q = 1,2,3) are the components of force per unit volume and A is the determinant of the ypa. In (1*2) it is assumed that the co ordinate-system is spatially orthogonal, i.e. that ypq -0 when p 4= <7.
In certain problems of aerodynamics and of dynamical meteorology the motion of the fluid at each point of space is, in the main, parallel to some member of a one- parameter family of planes or surfaces. In such cases it is convenient to refer the motion to a network of orthogonal curves drawn in this plane or surface and the geodesic curvatures of these curves then figure with advantage in the equations of motion and of continuity. We consider the general theory of this kind of repre sentation.
Geometrical theory
(i) Consider first the four-dimensional manifold (1*1) in which x2, x3) is a co-ordinate-system arbitrarily chosen except th a t = 0 when p^q . At every instant a:4 of Newtonian time, its 'spatial section' is a three-space with metric <fc §= S r OT(<^)2.
(2-i) J>" 1 whether the co-ordinate-system is in motion or a t rest relative to the fixed rectangular axes. In general the ypp are functions of (x1, x2,x3) an value of a;4 a t which the 'spatial section ' of the four-dimensional manifold has been taken. Let us also for definiteness take the surface x3 = 0 as th a t on which the co-ordinate-system (a;1, x2 ) has been laid out and denote this surface now th at on E0 we trace two systems of orthogonal curves whose equations are a 1 = **)» a 2 = ^>i(x1,x 2).
The solutions of these equations would give xl = XiO*1.* 2), = ^( a 1,**2), and by taking their differentials we could express (2*1) as
where a33 is the result of replacing x1, x 2 by a 1, a 2 in y point of view all th a t we have done, however, is to apply a transformation xl = Xi(a l> a2)> x* ~ Xik*1' a2)> v? = a 3, #4 = <*4 to (1*1) and so to transform it into
where the are obtained from the y^ by the rule for transformation, of the g/w under (2*4), viz. JW A 7)tt ( 2*6)
(ii) The next step is to consider the intrinsic geometry of the a 1-and a 2-curves drawn on 2 0. The metric of this surface a t the instant a;4 is by (2*3)
where we m ust remember th a t we have replaced a 8 by zero in the functions and a22. We introduce the convention th a t the indices i and j can take the values 1 and 2 only and we write da2 = aydaddctf (a12 = 0). (2-7)
I t is required to express the geodesic or surface curvatures of the a 1-and a 2-curves in terms of the atj and their derivatives. The signs to be given to the curvatures are a m atter of convention and writers differ in this matter. We adopt the convention of Meyer (1948) and take as our standard type of intersection th a t indicated a t the point P in figure 1 . The arrows on the curves P S , P R indicate the directions of Two-dimensional fluid motion 303
increasing a 1, a 2 respectively. The tangent vectors a t P, denoted by t(1), t(2) are taken positive in the directions of increasing a1, a?, respectively. The positive direction of the normal vector 1% to the o^-curve a t P is shown by the direction of the dotted arrow and similarly for the normal vector n<2) to the a 2-curve. We take these four vectors to be unit surface vectors in £ 0. Using (2*7) we have for the (surface) components of the tangent vectors
Since t(D is a unit vector, a^Xf^Xf^ -1; and hence, taking the intrinsic derivative (McConnell 1931) with respect to (2*7) of both sides of this equation, we obtain
where we denote the intrinsic derivative by 81da. Hence, since 8cr represents a dis placement along the a 1-curve, the last equation means (McConnell 1931) th at the vector 8X^18<r (i = 1,2) is perpendicular to the tangent vector t^, i.e. it is in the direction of the unit vector n^. If therefore we write n^ = fi2 X)) and denote the geodesic curvature of the a^-curve by kx, we have
Similarly for the a 2-curves *2^(2)> where = (ju% 2))/if2)) and k2 is the geodesic curvature of the a 2-curve. But now with the sign convention of figure 1, we have
Hence writing out the intrinsic derivatives in terms of the ChristofFel symbols and using (2*11), the equations (2*9) become 8(7 dor (yj * 5S>"**&>+ / S! 8(7 dcr \ijj^o
But on referring to (2-8), we observe th at the first of the equations (2*12) is an iden tity; the left-hand side being zero because the intrinsic derivative of (an)-4 is zero and the right-hand side, because is zero. The second equation (2*12) reduces to whence on evaluating the Christoffel symbol, we obtain
Hence finally,
axx<Ja22dot2 V(an a22) 9<*2 (2-13) and similarly k2 -^= -.. --. (2* 14) J 2a22^an da1 ^{axla22) doc1
These are the required expressions for the geodesic curvatures of the orthogonal co-ordinate curves in the surface E0. The curvatures possess an im portant property: if the a 1-curves, say, are geodesics of the surface 2 0, then = 0, a result which follows from (2*9) and the definition of a geodesic as a curve whose tangent has a zero intrinsic derivative (Eisenhart 1940) .
(iii) Lastly, we consider the Gaussian curvature of the surface E0 itself. For the metric (2*7) we have 11 ai j 11 = all®22» 0,11 ~ -" > (2*15) »u a22
and the non-zero component -ft1212 of the curvature-tensor (Eisenhart 1940 ) is R ■ -1 j . d2a 22 \ , M ^ /^a n \ 2 , / ga22\ 2 . 1 ^aix 8a22 1 9a229a11l 1212 2 |(0a2)2 (0a1)2) 4 \a n \0 a 2/ a22\ doc1 / axx dot1 dot1i
The Gaussian curvature is defined by hence substituting for dalxJda8 and da22jdax from (2*13) and calculation, ( 2 ' 1 8 ) This is the form of Laguerre's formula for the sign-convention of figure 1, the two sets of curves being orthogonal.
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3. The equations of motion and of continuity
We can generalize the theory of § 2 by supposing th a t the transformation (2*4) is valid for every member 2 of the one-parameter family of surfaces = constant and for every instant x*. The relationship of the members of the family to 2 0 will depend on whether x8 is a linear or an angular co-ordinate, a point illustra Since the y pv of (1*1) or the of (2*5) are functions of (= ot8), the identity of the functions Xx and X2 from surface to surface does not imply th a t the kinetic energy of unit mass is the same on each surface 2 for identical values of and a 2. WT ith these limitations we can regard kx, k2 and K0 as being of a1 and a 2; and, of course, should the y ^ be functions of a 4 also, we can suppose th a t the three curvatures vary with the time as well.
We introduce the three functions, hp, where,
and also the physical components of velocity Vp, where
In the equations (1*2) we write
and we abandon the summation convention. The equations become
In most practical cases, the hp are not explicit functions of the time. Now if V8 4= 0, there is no advantage in replacing hx, h2 in (3-4) by however, Fs is either zero or negligibly small, the equations of motion become, writing a4 = t, and using (2-13), (2-14) and (3-1),
The equation of continuity in the case when F3 is zero or negligibly small and none of the hp contain the time t explicitly, becomes on writing A = in (1*3) and using (2-13), (2-14), (3-1) and (3-2), 
Meyer's equations in aerodynamics
We discuss Meyer's equations of motion and of continuity (Meyer 1948) for twodimensional flow in the light of § 3. We assume th at the co-ordinate-system (a1, a 2, a 3) is a t rest with respect to fixed rectangular axes so that, in (3*5) to (3*7) oc^ = 0 (/i = 1 ,2 ,3, 4). We also assume th a t the flow is steady, so th a t the dVpldt are zero, th at p, p do not involve the time explicitly, th a t there are no external forces acting (Fp = 0), and th a t the motion depends on two independent variables only, so th a t the functions hp involve a 1, a 2 alone. W ith these definitions of the nature of the co-ordinate-system and of the flow, equation (3*7) shows th a t p is also a function of a 1, a 2 alone. We then write
and (3*5), (3*6) become, respectively,
which are Meyer's equations (8) and (9). Equation (3*8) becomes
Meyer also imposes the condition hJ^ + h^+^a)i + ^Kfi)2 = °' which by (3*9) shows th a t the surfaces S are Euclidean planes. This means that, in terms of the fundamental co-ordinate-system (a;1, a:2, a;8) used in (2*1), the threespace has the metric ^ _ (* a )a + + y , J d^ (4.4)
where y33 is a function of x1, x 2 alone. Since a33 (=.
is simply the r in y33, a;1, a;2 by a 1, a 2 through (2*2), the right-hand side of (4*3) depends ultimately on the way in which the kinetic energy of unit mass of fluid is assumed to vary as we pass for a given (a1, a 2) from one plane 21 to another. Meyer's forms (Meyer 1948, eqn. (10) ) for the equation of continuity may be obtained thus:
(i) Plane flow. Here we take x1, x 2 to be rectangular co flow whilst a:3 is measured along the normal to all the planes E which are therefore parallel. Then by choosing y33 = h\ = 1 we find from (4*3 continuity for his case j -0. (ji) Axially symmetrical flow. Here we choose a;2 to be a linear co-ordinate measured along the axis of symmetry, x1 to be a linear co-ordinate perpendicular to the axis and xz to be an angular co-ordinate giving orientation about the axis. The planes 2 now pass through the axis of symmetry. If we also choose y33 = (a:1)2 in (4*4) and refer to Meyer's figure 1, we have x x = r and dh3lha doc = dr/ha doc = sin e, dhjh^dfl = dr/h^dfl = cos e, so th at the right-hand side of (4*3) reduces to Meyer's equation of continuity for his case j = 1.
Gradient wind in dynamical meteorology
An illustration of the manipulation of equations (3*5) to (3-8) for a moving co ordinate-system is provided by the theory of the gradient wind, a wind which blows along the isobars. We consider a large-scale motion of this kind, i.e. a wind which belongs to a disturbance of the size of a cyclone of temperate latitudes with a diameter of up to 2000km. I t can be shown (McVittie 1948 ) th a t the equations of motion then contain terms of order 1/a, where a is the radius of the (spherical) Earth. Moreover, if 0i s a point in North latitude < j > taken at or near the * ce the disturbance, 8 is the distance measured along a great circle on the E arth's surface from 0 to the foot of the perpendicular through a point Q in the atmosphere, 6 is the angle between this great circle and the meridian of O, and Z is the perpendicular distance from Q to the E arth's surface, then the kinetic energy of unit mass of air is
and (o is the angular speed of the E arth about its polar axis. In this formula the small terms in (oz and Z/a are neglected. The corresponding kinetic metric is ds* = d t * -\ |d $ 2 + a2sin2-dd2 + dZ2 + kasinOdSdt c2 ( a + (~s in 2^c o s0 + Z a * sin a^) .
Comparing (1*1) and (5*1) we make the identifications The co-ordinate-system is therefore spatially orthogonal and the equations of motion and of continuity are of the form (1*2) and (1*3). We take £ 0 to be the E arth 's surface and we observe th at x2 ( = Z) does not occur explicitly in the y^; hence when we apply the transformation (2*4) to (5*1) we have, for the non-zero a™ in (2*5), with a33 ~n
We take the case of cyclonic motion as standard and regard the a 2-curves as the isobars. Along the isobar through P (see figure 2) , a 2 is a the isobar p -constant in the direction shown by the arrow. Similarly a 2 + 80c2 is a parameter increasing along the isobar p + Bp = define the gradient-wind a t Pa s a steady wind blowing parallel to th for which, in (3*5) to (3*8),
O being positive in the direction of increasing a 2. Also from (2*4), (2*6) and (5*2) we obtain 0 ^ "
A , 4 whence a 14 -714^a l + 724 , a24 -714^ + 724^2 , a34 = 0, a44 = 0, (5*6) since the functions Xv Xa (2*4) do not contain a 3 (= Z) explicitly.
We assume, as usual in gradient-wind theory, th a t gravity is the only external force per unit volume acting, so th a t F1 = 0, F2 = 0, Fz = -g , and (3-7) then yields the hydrostatic equation
Since the a 2-curves are isobars, dpfh2doc2 is zero and, by (5 equation (3*6) is an identity whilst (3*5) and (3-8) become, respectively,
1 dp p h xdax' dpO n A -0>
(5-8) (S-9) where k2 is the geodesic curvature of the isobars and kx, th at of the orthogonal trajectories to the isobars. But now since 0 is not an explicit function of t, (5*5) yields dO dt , dG h2da2
0,
and O is therefore constant along an isobar. The last equation together with (5*9) gives ?log/> h9da2 + *i
If a t this point we were to assume, as is so often done in dynamical meteorology, th at the horizontal variations of the air density were negligible, we should have kx = 0 which would mean th at the curves orthogonal to the isobars were always great circles. In practice, there is no reason for supposing th at this restriction holds good and consequently, the existence of a gradient wind implies in general th a t horizontal variations of air density are appreciable. In (5*8), dp/hyda1 is the pressure-gradient normal to the isobar and it is positive towards the region of high pressure. The coefficient of O on the left-hand side is transformed as follows by using (5*6) and (5*3):
(ka a 8 a . . 8 -cos 2 -cos o + la sin -cos-----i 2 a 2 0\ ( SS w d8 de \ , . , A > h2dct2 A, da1) ' <6 10) But now referring to figure 2 we observe that dS Sdd dS Sd6 hx da1 h2 da2 h2 da2 hx da1 cos rjr cos \Jf-( -sin i/r) sin = 1.
(5-11)
